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ON PLASTIKSTUFE, BORDERED LEGENDRIAN OPEN BOOK AND
OVERTWISTED CONTACT STRUCTURES
YANG HUANG
Abstract. In this paper we prove the presence of an embedded plastikstufe implies overtwistedness
of the contact structure in any dimension. Moreover, we show in dimension 5 that the presence of
an embedded bordered Legendrian open book (bLob) also implies overtwistedness. Applications of
these criteria to certain (contact) fibered connected sums and open books are discussed.
1. introduction
A contact structure ξ is a hyperplane distribution in an odd-dimensional manifold M which is
maximally non-integrable. The questions of the existence and classification of contact structures
lie in the center of contact topology. It turns out that among the set of all contact structures, there
is a subset of “flexible” contact structures, known as overtwisted contact structures, which satisfy
a form of h-principle in the sense of M. Gromov. In particular, the existence and classification of
overtwisted contact structures can be dealt with using algebraic topology.
In dimension 3, the overtwisted contact structures are introduced and classified by Y. Eliashberg
in [Eli89]. Recently this result is generalized to arbitrary dimensions by M. Borman, Y. Eliashberg
and E. Murphy in [BEM15]. Soon after the discovery of overtwistedness in higher dimensions,
several useful criteria of overtwistedness are introduced by R. Casals, Murphy and F. Presas in
[CMP], where the overtwisted condition is connected with various commonly used notions in contact
topology including open book decompositions, loose Legendrian submanifolds [Mur], neighborhood
size of overtwisted submanifolds [NP10], contact surgery [CE12] and plastikstufe [Nie06, MNPS13].
In particular we focus on the following (a bit technical) criterion for overtwistedness. One of the
main goals of this paper is to remove the technical conditions of the following theorem from [CMP],
whose proof relies on the earlier work of [MNPS13].
Theorem 1.1 ([CMP]). A contact manifold is overtwisted if it contains a small plastikstufe with
spherical core and trivial rotation.
Plastikstufe, originally introduced by K. Niederkru¨ger in [Nie06] (see also [Gro85]), is a certain
submanifold of a contact manifold which can be thought of as a parametrized family of overtwisted
disks in dimension 3. See §3.2 for more careful definition of the plastikstufe. According to [Nie06],
the presence of an embedded plastikstufe obstructs (strong) symplectic fillings. Let us remark that
the requirement of the plastikstufe to be small, with spherical core and trivial rotation as stated
in Theorem 1.1 is purely technical and will not be needed in this paper. So we refer the inter-
ested reader to [MNPS13] for more details. It should be mentioned that by the work of Murphy,
Niederkru¨ger, O. Plamenevskaya and A. Stipsicz [MNPS13], it is known that a Legendrian sub-
manifold is loose, in the sense of Murphy [Mur], if its complement contains an embedded small
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plastikstufe with spherical core and trivial rotation. Then Theorem 1.1 follows from the charac-
terization of overtwistedness using loose Legendrian unknot. See §3.1 for more discussions on the
looseness of Legendrian submanifolds.
Out first main result removes the technical conditions in Theorem 1.1.
Theorem 1.2. A contact manifold is overtwisted if it contains an embedded plastikstufe.
Let us note that by the overtwisted h-principle established in [BEM15], one can always find
embedded plastikstufes in overtwisted contact manifolds.
Later, the notion of plastikstufe is generalized by P. Massot, Niederkru¨ger and C. Wendl in
[MNW13] to the so-called bordered Legendrian open books, or bLobs in short, which is, roughly
speaking, a compact submanifold of (M, ξ) with non-empty Legendrian boundary and comes with
an open book decomposition whose pages are also Legendrian. In particular, the plastikstufe may
be regarded as a bLob such that the page is diffeomorphic to the product of the binding and a
closed interval. See §3.2 for more details about the definition of bLobs.
For contact 5-manifolds, Theorem 1.2 can be strengthened as follows.
Theorem 1.3. A contact 5-manifold is overtwisted if it contains an embedded bLob.
It is shown in [MNW13, Theorem 4.4] that the presence of an embedded bLob obstructs weak
(semipositive) symplectic fillings given a technical cohomological condition on the symplectic form.
Combining with Theorem 1.3 and the overtwisted h-principle of course, one can easily remove the
cohomological condition, at least in dimension 5.
It would be very interesting to see if the methods in this paper, outlined in Section 2, can be
applied to deal with bLobs in any dimension. In fact, the following corollary follows easily from
Theorem 1.2 and Theorem 1.3.
Corollary 1.4. A contact manifold is overtwisted iff it contains an embedded bLob whose page is
diffeomorphic to W × F , where W is a closed manifold and F is a compact surface with (discon-
nected) boundary.
Finally, to give some applications of the results proved in this paper, we study two examples,
both of which are well-known to the experts. The first is the (contact) fibered connected sum
operation suggested by Gromov and carried out by H. Geiges in [Gei97]. In particular Theorem 8.1
generalizes a result of Casals-Murphy [CM16, Corollary 2]. The second example concerns open
books with monodromy equal to a negative power of the Dehn twist. In particular, we generalize
a result of [CMP] which states that contact structures supported by a negatively stabilized open
book is overtwisted. The idea that such objects should be related to overtwistedness goes back to
E. Giroux. Our result is also consistent with a computation of Bourgeois-van Koert [BvK10] on the
vanishing of the contact homology. Although not studied in this paper, let us remark that there is
another well-known method to produce plastikstufes, at least in dimension 5, using a generalized
Lutz twist introduced by Etnyre-Pancholi [EP11].
Since the first appearance of this paper, there has appeared the work of J. Adachi [Adab, Adaa]
which, in particular, proves an analogue of Theorem 1.1 using plastikstufes with certain torus core.
He also give a construction of yet another Lutz-type twist which produces such plastikstufes.
The paper is organized as follows. We first outline the main ideas involved in the proof of
the above results in Section 2. In Section 3 we review some background knowledge in (higher-
dimensional) contact topology which is relevant for our purposes. This includes in particular the
criteria of overtwistedness and the definition of plastikstufe and (slit) bLob. Section 4 is a technical
section where we construct two special Legendrian isotopies, of type I and II, in a neighborhood
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of an overtwisted disk dimension 3. This will be crucial for our later constructions of the loose
unknot. Then we prove Theorem 1.2 and Theorem 1.3 in dimension 5 in Section 5 and Section 6,
respectively. The proof of Theorem 1.2 for higher dimensional plastikstufe, as well as the proof of
Corollary 1.4, are given in Section 7. Some applications are given in Section 8.
Acknowledgement: The author is deeply grateful to Ko Honda for numerous discussions and
generously sharing his ideas on contact topology. He warmly thanks Emmy Murphy for making
valuable comments on an earlier version of the paper, and Klaus Niederkru¨ger for explaining to the
author previous works on overtwisted contatct structures. He thanks a referee for suggesting the
applications in Section 8, and (possibly) another referee for detailed comments on both the math-
ematical and organizational part of the paper which greatly improves the level of rigor and clarity.
Thanks also go to Jian Ge for useful communications. This work was initiated and partially done
when the author visited Caltech in the spring 2016, and he thanks the department of Mathematics
at Caltech for their hospitality.
2. Outline of the main ideas
The idea of the proof of Theorem 1.2 and Theorem 1.3 can be summarized in the following three
steps, with increasing level of complexity.
Step 1. Let M be an overtwisted 3-manifold with a fixed contact form αot, e.g. a collar neigh-
borhood of an overtwisted disk, and consider the associated higher-dimensional contact manifold
M × T ∗Rm,m ≥ 1. Let (q1, · · · , qm; p1, · · · , pm) be the usual coordinates on T ∗Rm. It is proved in
[CMP] that M × T ∗Rm equipped with the contact form
αot +
1
2
m∑
i=1
(qidpi − pidqi)
is overtwisted in the sense of [BEM15]. From this it is deduced in [CMP] that a contact manifold
(of dimension greater than 3) is overtwisted if and only if the standard Legendrian unknot is loose.
Our starting point is to consider M × T ∗Rm equipped with a different contact form
αot −
m∑
i=1
pidqi
and an ǫ-neighborhood Uǫ of M × Rm ⊂ M × T ∗Rm, where Rm is identified with the 0-section in
T ∗Rm. We claim that for any ǫ > 0, there exists a loose Legendrian sphere in Uǫ which is Legendrian
isotopic to the standard unknot. To achieve this, we choose a (1-dimensional) stabilized Legendrian
unknot K0 ∈M × {0} with tb(K0) = −1, whose existence is guaranteed by the overtwistedness of
M . Then along every radial directions in Rm, we “slowly” Legendrian isotop K0 to the standard
Legendrian unknot in M . Here “slow” means, roughly speaking, the derivative of the isotopy,
measured against αot, is small with respect to ǫ. Finally we cap off the Legendrian by a family
of standard (2-dimensional) Legendrian hemispheres (cf. Figure 9). Then the Legendrian lift of
the totality of the Legendrian isotopies in all radial directions of Rm together with the capping-off
disks gives the desired loose Legendrian sphere which turns out to be Legendrian isotopic to the
standard unknot.
Step 2. We first restrict ourselves to dimension 5, and consider the plastikstufe PS with core
S1. By Step 1, given any overtwisted contact 3-manifold M , an arbitrarily small neighborhood of
M × R ⊂ M × T ∗R is overtwisted, i.e., contains a loose unknot. Now if we replace R by S1, the
idea is to wrap the Legendrian isotopy inM around S1 while making sure that the resulting (loose)
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Legendrian S2 is embedded and Legendrian isotopic to the standard unknot. Here we will use the
type I Legendrian isotopy constructed in Section 4. Ideas in this step essentially give the proof of
Theorem 1.2 in the 5-dimensional case. Let us also point out that similar ideas are known to R.
Casals. In particular, he proved [Cas] that the ǫ-neighborhood
R
3 × S1 × (−ǫ, ǫ) ⊂ (R3 × T ∗S1, ker(αot − pdq))
of R3 × S1 is overtwisted for any ǫ > 0.
Step 3. Now we switch to the case of a general plastikstufe in any dimension. In this case, we
have a family of 2-dimensional overtwisted disks parametrized by a closed manifold S, i.e., the core
of the plastikstufe. Pick a point u ∈ S and consider the exponential map expu : TuS → S with
respect to some (complete) Riemannian metric on S. Then the loose Legendrian unknot will be,
roughly speaking, the Legendrian lift of the totality of Legendrian isotopies (of type II) of K0 along
all geodesic rays emanating from u, together with capping-off disks as in Step 1. Let us remark
that the method of using type II Legendrian isotopy works in any dimensions, but we use instead
the type I isotopy in dimension 5 only for the reason that it is more adaptable to the case of bLobs.
Step 4. Consider a general bLob which may not split as a product. In order for the previous
strategy to work, one first needs to find a 2-dimensional disk Dot in the bLob cutting through the
binding, on which the characteristic foliation looks exactly like the overtwisted disk in dimension
3. Such a disk is easily found in a plastikstufe, but is not obvious in general bLobs. In the
case of plastikstufe, we have, in fact, a family of overtwisted disks parametrized by the binding.
Unfortunately this symmetry breaks down for general bLobs, so some trick is needed to “wrap
around” the binding. Let us make two remarks here. Firstly, the monodromy of the open book
causes no difficulty and in fact, we will construct a modified version of the bLob, called slit bLob,
in §3.2 which does not involve the monodromy but still implies overtwistedness. Secondly, our
construction does not immediately produce a plastikstufe out of a general bLob, although it formally
follows from the h-principle for overtwisted contact structures.
3. overtwistedness criteria and plastikstufe
In this section, we review some recent development in higher-dimensional flexibility of contact
structures which is relevant for our purposes.
3.1. Loose Legendrian and criteria for overtwistedness. We recall the definition of loose
chart and loose Legendrian submanifolds in higher dimensions following [Mur]. First consider the
standard contact 3-space (R3, ξstd = ker(dz − ydx)). Let γ ⊂ (R3, ξstd) be a stabilized Legendrian
arc whose front projection is as shown in Figure 1. Specifically, the front projection of γ has
a unique transverse double point and a unique Reeb chord of length a, called the action of the
stabilization. Let B be an open ball in R3 containing γ of action a as defined above.
Now consider the Liouville space T ∗Rn−1 with the usual dual coordinates {q, p} and Liouville
form −pdq. Let
VC = {|p| < C, |q| < C} ⊂ T ∗Rn−1
be an open poly-disk in T ∗Rn−1. Note that B×VC is an open subset of (R2n+1, ξstd), which contains
the Legendrian submanifold Λ = γ × {|q| < C, p = 0}. The pair (B × VC ,Λ) is called a loose chart
if a/C2 < 2. Finally, a Legendrian submanifold L ⊂ (M, ξ) is loose if there exists a Darboux chart
U ⊂M such that the (U,U ∩ L) is contactomorphic to a loose chart.
Generalizing overtwisted contact structures in dimension 3, it is shown in [BEM15] that over-
twisted contact structures always exists in an almost contact manifold of any dimension and they
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Figure 1. The front projection of a stabilized Legendrian arc.
obey a parametric h-principle. The precise content of the overtwisted h-principle is not particularly
relevant for this paper so we refer the reader to [BEM15] for more details.
Following [CMP], it turns out that one can characterize overtwisted contact structures using loose
Legendrian spheres discussed above. To be more precise, note that the standard contact sphere
(S2n−1, ξstd) can be identified with the convex boundary of the unit ball D2n ⊂ R2n equipped
with the Liouville form qdp − pdq. Then the Lagrangian plane Rn = {p = 0} intersects S2n−1
in a Legendrian sphere K, which we call the standard Legendrian unknot. By removing a point
from (S2n−1, ξstd), we may view K as a Legendrian sphere in (R2n−1, ξstd), which is also called the
standard Legendrian unknot. Hence by Darboux’s theorem, it makes sense to talk about standard
Legendrian unknot in any contact manifold, well-defined up to Legendrian isotopy.
Recall the following criterion for overtwistedness, which will be useful for our purposes.
Theorem 3.1 ([CMP]). A contact manifold (M, ξ) is overtwisted iff the standard Legendrian un-
knot is loose.
3.2. Plastikstufe and bordered Legendrian open book. We start with the notion of plastik-
stufe following [Nie06]. Consider the overtwisted contact manifold (R3, ξot) with contact form αot
given in cylindrical coordinates by
(1) αot = cos rdz + r sin rdθ.
We can find an explicit overtwisted disk (cf. Figure 2)
Dot = {z = 0, r ≤ π} ⊂ (R3, ξot)
Let S be a closed manifold and consider (T ∗S, λ) equipped with the canonical Liouville form λ.
In the following, we identify S with the 0-section of T ∗S. Then we can construct a new contact
manifold R3 × T ∗S with contact form α = αot − λ. By definition the submanifold PS = Dot × S is
a plastikstufe with core S.
Note that PS is equipped with a singular codimension-1 foliation FPS which is defined by the
kernel of α|PS . The leaves of FPS are Legendrian submanifolds by construction. According to
[Hua15], the germ of the contact structure near PS is uniquely determined by FPS . Observe that
the singular foliation FPS is nothing but the open book decomposition with page S × [0, 1] and
identity monodromy such that S×{0} is identified with the binding. Inspired by this observation, we
introduce the notion of bordered Legendrian open book, or bLob in short, as defined in [MNW13].
Here we give the definitions in full generality but our results are applied only to bLobs in dimension
5.
Definition 3.2. Given a compact n-manifold Σ with disconnected boundary. Let S ⊂ ∂Σ be a non-
empty proper subset of the connected components of ∂Σ. A bordered Legendrian open book (bLob)
(Σ, φ) in a (2n + 1)-dimensional contact manifold is a compact (n+ 1)-dimensional submanifold
Y = Σ× [0, 1]/(x, t) ∼ (x, t′) ∀x ∈ S, t, t′ ∈ [0, 1] and (y, 0) ∼ (φ(y), 1) ∀y ∈
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where φ : Σ → Σ is a diffeomorphism which restricts to the identity map in a collar neighborhood
of S ⊂ Σ, and such that all pages Σ× {t} and the boundary ∂Y are Legendrian submanifolds.
It is shown in [MNW13] (see also [Hua15]) that the germ of contact structure near a bLob (Σ, φ)
is uniquely determined by the Legendrian open book. Hence in order to prove Theorem 1.3, it
suffices to show that the germ of contact structure near a bLob is overtwisted. Note that although
one can easily write down an explicit contact form in a neighborhood of the plastikstufe, it is in
general hard to write down a global contact form in a neighborhood of a bLob. However we will
describe in Section 6 a contact form near a bLob by decomposing it into simpler pieces.
It turns out the information about the monodromy in a bLob plays no role in showing the
overtwistedness in Section 6. So we introduce below the notion of a slit bLob.
Definition 3.3. Given a compact manifold Σ with disconnected boundary. Let S ⊂ ∂Σ be a non-
empty proper subset of the connected components of ∂Σ. Choose δ > 0 and identify S × [0, δ] with
a closed collar neighborhood of S ⊂ Σ such that S × {0} is identified with S. A slit bLob is the
following topological space
W = Σ× [0, 1]/(x, t) ∼ (x, t′) ∀x ∈ S, t, t′ ∈ [0, 1] and (y, 0) ∼ (y, 1) ∀y ∈ S × [0, δ],
which is a smooth manifold away from S × {δ} × {0} ⊂ S × [0, δ] × {0} ⊂ Σ × {0}. Moreover, we
assume that W admits an embedding into a contact manifold such that ∂W and the pages are all
Legendrian.
In other words, one can think of a slit bLob as a bLob partially cut open along a page where
the monodromy is applied. It is therefore clear that the existence of a bLob implies the existence
of a slit bLob but the other way around implication is not obvious. Although a slit bLob is not
smooth, it has Legendrian boundary and the standard neighborhood theorem applies, i.e., the
contact germ near a slit bLob is uniquely determined. Observe that the contact germ near a slit
bLob is independent of the choice of the collar neighborhood of the binding and δ > 0, so we simply
denote a slit bLob associated with Σ by SB(Σ).
The reason for introducing the above definition is the following strengthening of Theorem 1.3.
Theorem 3.4. A contact 5-manifold is overtwisted iff it contains an embedded slit bLob.
It would be interesting to see if there are examples of contact manifolds in which a slit bLob can
be found more easily than a bLob. The proof of Theorem 3.4 will be given in Section 6.
4. the standard overtwisted disk in dimension 3
This section if purely technical. The goal is to exhibit, in an arbitrarily small neighborhood of
the standard overtwisted disk, two explicit Legendrian isotopies from a “thick” Legendrian unknot
Jthick with tb = −1 to a “thin” Legendrian unknot Jthin. Roughly speaking, if we embedded the
Legendrian unknot with tb = −1 into a Darboux chart in the standard way, then the unique Reeb
chord of Jthick is much longer than the one of Jthin. See below for more precise definitions.
As pointed out in Section 2, these two Legendrian isotopies will be constructed with different
properties which will suit our purposes of constructing the loose unknot in a neighborhood of
plastikstufes of any dimension and bLobs in contact 5-manifolds, respectively.
4.1. Construction of type I Legendrian isotopy. Recall from §3.2 the overtwisted contact
manifold (R3, ξot) and the standard overtwisted disk
Dot = {z = 0, r ≤ π} ⊂ (R3, ξot)
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Fix ǫ > 0, we consider an invariant collar neighborhood Dot × (−ǫ, ǫ) of Dot. Let
Γ = {z = 0, r = π/2} ⊂ Dot
be the circle along which the contact plane is perpendicular to Dot. Observe also that the rays
{θ = const} are all Legendrian. See Figure 2.
Figure 2. The standard overtwisted disk. The red circle is Γ.
Given any s ∈ (π/2, π], let Cs ⊂ Dot be the circle of radius s. Parametrize Cs by the angular
coordinate θs ∈ (−π, π], where the subscript s is to emphasize that the coordinate is considered
on Cs. Clearly Cπ is Legendrian. For any s ∈ (π/2, π), let C ′s be the unique Legendrian passing
through zθ=0 = 0 and whose projection to Dot coincides with Cs. It is clear that C
′
s diffeomorphic
to the real line. Here zθ denotes the z-coordinate at angle θ. Abusing notations, we also regard θs
as a coordinate function on C ′s. Similarly the Legendrian C ′s can be defined for s ∈ (0, π/2).
Fix an arbitrarily small θ0 > 0. There exists a0 smaller than but sufficiently close to π such that
the holonomy along the Legendrian arc A0 = {θ0 ≤ θ ≤ 2π − θ0} ⊂ C ′a0 , defined to be segment
nontrivially intersecting the plane {z = 0}, increases the z-coordinate by a positive δ ≪ ǫ. Similarly
there exists small b0 > 0 such that the holomony along the Legendrian arc B0 = {−θ0 ≤ θ ≤ θ0} ⊂
C ′b0 decreases the z-coordinate by δ. Here the holonomies are measured in the counter-clockwise
direction. Take Legendrian segments in the radial directions R±θ0 = {θ = ±θ0, b0 ≤ r ≤ a0} on
the planes {z = ∓δ/2}, respectively. Patching the pieces together, we have now obtained the thick
Legendrian loop Jthick = A0 ∪B0 ∪Rθ0 ∪R−θ0 .
We define Jthin in a similar way. Namely, there exists a
′
0 ∈ (π/2, π) such that the holonomy
along the Legendrian arc A′0 = {π − θ0 ≤ θ ≤ π + θ0} increases the z-coordinate by δ. Also there
exists b′0 ∈ (0, π/2) such that the holonomy along the Legendrian arc B′0 = {θ0 − π ≤ θ ≤ θ0 + π}
increases the z-coordinate by δ. Choosing the connecting Legendrian rays R′±θ0 as before, we define
the thin Legendrian loop Jthin = A
′
0 ∪B′0 ∪R′θ0 ∪R′−θ0 .
Finally to construct the Legendrian isotopy Jt, t ∈ [0, 1], from Jthick to Jthin, it suffices to observe
that for each choice of an angle between θ0 and π− θ0, the above construction defines a Legendrian
loop. So we have obtained a (smooth if one ignores the corners) path of Legendrian loops connecting
Jthick and Jthin. See Figure 3 for an illustration of this isotopy.
The key point of the type I Legendrian isotopy is that the Legendrian loops in the isotopy from
Jthick to Jthin are pairwise disjoint by construction. Moreover, notice that ∂z is a contact vector
field transverse to Dot in R
3
ot. Let ψ
s
z be the time-s flow of ∂z. Then it follows from the construction
that ψsz(Jt) ∩ ψs
′
z (Jt′) = ∅ if either s 6= s′ or t 6= t′.
Remark 4.1. Note that the Legendrian knots Jthick and Jthin constructed above are only piecewise
smooth. But there is a canonical way to approximate any piecewise smooth Legendrian knot by
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JthickJthin
Figure 3. Type I Legendrian isotopy from Jthick to Jthin.
a smooth one by rounding the corners. Here canonical means that the Legendrian isotopy class
of the resulting smooth Legendrian is independent of the choice of the approximation. Moreover
the Thurston-Bennequin number of a piecewise smooth Legendrian knot is well-defined since the
transverse Legendrian push-off exists. The same remark applies as well to the following section.
4.2. Construction of type II Legendrian isotopy. Now we turn to the construction of the
type II Legendrian isotopy. The construction of type II isotopy is technically more involved than
the type I isotopy in two aspects: firstly, the Legendrian loops in the isotopy are no longer pairwise
disjoint which is the price we pay for making the isotopy positive, and secondly, we need to further
shrink Jthin all the way to a point with controlled rate of convergence for later applications. We
continue to use the notations from the previous section.
Let C ′′s,θ be the Legendrian curve whose projection to Dot coincides with Cs and such that zθ = 0.
As before, fix small θ0 > 0. Then there exists a0 smaller than but sufficiently close to π such that
the holonomy along the Legendrian arc A0 = {θ0 ≤ θ ≤ 2π} ⊂ C ′′a0,θ=0 increases the z-coordinate by
a positive δ ≪ ǫ. Similarly there exists small b0 > 0 such that the holonomy along the Legendrian
arc B0 = {0 ≤ θ ≤ θ0} ⊂ C ′′b0,θ=0 decreases the z-coordinate by δ. To complete the construction
of Jthick, let us take Legendrian segments in the radial directions R0 = {θ = 0, b0 ≤ r ≤ a0}
and Rθ0 = {θ = θ0, b0 ≤ r ≤ a0} on the planes {z = 0} and {z = −δ}, respectively. Define
Jthick = A0 ∪B0 ∪R0 ∪Rθ0 .
In order to construct Jthin as well as the isotopy, pick 0 < ν < µ ≪ θ0 and reparametrize the
intervals by µt ∈ [2π, 2π + µ] and νt ∈ [θ0, 2π + ν], where t ∈ [0, 1], such that µ0 = 2π, µ1 =
2π + µ, ν0 = θ0, ν1 = 2π + ν and νt < µt, ν˙t > µ˙t for all t. Define At = {νt ≤ θ ≤ µt} ⊂ C ′′a0,θ=µt .
Let δt be the difference in the z-coordinate at the endpoints of At. There exists bt > 0, strictly
decreasing in t, such that if Bt = {µt − 2π ≤ θ ≤ νt} ⊂ C ′′bt,θ=µt denotes the Legendrian segment,
then the holonomy along Bt decreases the z-coordinate by δt. Taking the truncated Legendrian rays
Rµt = {θ = µt, bt ≤ r ≤ a0} and Rνt = {θ = νt, bt ≤ r ≤ a0} on the planes {z = 0} and {z = −δt},
we can define Jthin = A1 ∪B1 ∪Rµ1 ∪Rν1 and the Legendrian isotopy Jt = At ∪Bt ∪Rµt ∪Rνt for
t ∈ [0, 1]. See Figure 4 for an illustration of the type II isotopy.
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Jthick
Jthin
Figure 4. Type II Legendrian isotopy from Jthick to Jthin.
Finally we want to further isotop Jthin to a point with controlled rate of convergence as follows.
Note that Jthin bounds a disk Dthin ⊂ Dot × (−ǫ, ǫ) which is foliated by Legendrian arcs, i.e., the
characteristic foliation on Dthin has precisely two half-elliptic singularities on Jthin, and moreover,
the projection of Dthin to Dot coincides with the obvious disk bounded by the projection of Jthin
to Dot. Now a standard neighborhood Dthin × (−ǫ′, ǫ′) of Dthin determined by the characteristic
foliation is a Darboux ball in which the Legendrian loops Jt, t sufficiently close to 1, can be drawn
in the front projection as in Figure 5(a). Here the corners are rounded as in §4.1 (cf. Remark 4.1).
Then it is clear from the front projection that the Legendrian isotopy near Jthin can be extended
by a positive Legendrian isotopy Jt, t ∈ [1, 2), such that J1 = Jthin and lim
t→2
Jt is a single point.
Moreover, we can arrange so that the trace
2⋃
t=1
(Jt × {t}) ⊂ Dot × (−ǫ′, ǫ′)× R ⊂ Dot × (−ǫ′, ǫ′)× T ∗R,
defines the front projection of a smooth Legendrian disk in a 5-dimensional Darboux chart. See
Figure 5(b).
The key point for the (extended) type II isotopy is that it is a positive isotopy in the sense that
αot(J˙t) > 0 for all t, where αot is as defined in (1). This is essentially because J˙t can be decomposed
into a component tangent to ξot and a component in the positive direction of ∂θ, which is positive
with respect to αot. Moreover for any two distinct t, t
′ ∈ [0, 1], Jt intersects (transversely) Jt′ in at
most one point, and at p = Jt ∩ Jt′ if exists, we have αot(J˙t(p)) 6= αot(J˙t′(p)). In fact if t > t′, then
αot(J˙t(p)) > αot(J˙t′(p)). This is essentially because the Legendrian rays Rνt rotate faster than Rµt′
by construction for the Legendrian isotopy from Jthick to Jthin. For the extended isotopy from Jthin
to a point, this amounts to asserting that in the front projection in Figure 5(a), the z-coordinate
of the lower branch1 increases faster than that of the upper branch. These observations will be
crucial in our construction of the loose unknot in a neighborhood of a general plastikstufe.
1The front projection of the standard Legendrian unknot can be decomposed into the lower branch and upper
branch by removing the two cusp points.
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Jt<1
J1 = Jthin
Jt>1
(a) (b)
Figure 5. (a) The extended type II Legendrian isotopy from Jthin to a point. (b)
The front projection of the trace of the extended type II Legendrian isotopy.
5. plastikstufe implies overtwistedness in dimension 5
In this section we prove that the germ of contact structure near a plastikstufe in dimension 5 is
overtwisted. Together with the h-principle from [BEM15], this proves Theorem 1.2 in dimension 5.
Recall from §3.2 that we have the standard overtwisted disk Dot ⊂ (R3ot, ξot) equipped with the
(overtwisted) contact form αot = cos rdz+ r sin rdθ. Consider the cotangent bundle T
∗S1 equipped
with the standard Liouville form pdq where q ∈ R/Z ∼= S1 is the coordinate on the base and p is
the coordinate on the fiber. Then we form the 5-dimensional contact manifold R3ot × T ∗S1 with
contact form α = αot− pdq. The plastikstufe in dimension 5 is modeled on Dot× S1 ⊂ R3ot× T ∗S1
as a coisotropic submanifold. Write PS1 = Dot × S1 and let Nǫ(PS1) = {|z| < ǫ, |p| < ǫ} be a small
neighborhood of PS1 . Then it suffices to show (Nǫ(PS1), α) is overtwisted.
It is convenient to think of R3ot × T ∗S1 as a trivial fibration over S1 with fiber R3ot times the
cotangent direction. We begin with some preparations concerning the 3-dimensional overtwisted
fiber R3ot. Let K = ∂Dot be the Legendrian unknot with tb(K) = 0. Pick a point x ∈ K and let K0
be a “small” (positive) stabilization of K supported in a neighborhood of x as shown in Figure 6(a).
Note that the stabilizing loop in K0 produces a kink in the front projection as depicted in Figure 1.
In particular, by “small” we mean the action of the unique Reeb chord in the stabilization is less
than a, for some small 0 < a ≪ ǫ to be determined later. Equivalently, it also means the area
(measured against dαot) of the disk enclosed by the stabilizing loop (after the projection to Dot) is
smaller than a.
K0
Figure 6. A (positive) stabilization of ∂Dot.
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Let γ be the Legendrian ray emanating from the origin and passing through x ∈ K. Let N(γ)
be a standard tubular neighborhood of γ in Dot × (−ǫ, ǫ) of radius greater than a. Observe that γ
intersects K0 in a unique point y. Now pulling y back along γ to a point y
′ sufficiently close to 0
induces an ambient contact isotopy φt : Dot × (−ǫ, ǫ)→ Dot × (−ǫ, ǫ), t ∈ [0, 1], which is supported
in N(γ). Here φ0 = id and φ1(y) = y
′. Then define Kt = φt(K0), t ∈ [0, 1], to be the Legendrian
isotopy, supported in N(γ). See Figure 7. In particular, the projection of K1 to Dot is embedded
and intersects the dividing set in two points. In addition, by further shrinking the stabilizing loop
of K0 if necessary, we can assume αot(K˙t) is sufficiently small with respect to ǫ. Here K˙t means
the time-derivative of the Legendrian isotopy.
γy y′
K0 K 1
2
K1
Figure 7. The projection to Dot of a Legendrian isotopy.
According to the discussions in §4.1, we may identify K1 with Jthick, up to corner rounding (cf.
Remark 4.1). Then there exists a type I Legendrian isotopy Kt, t ∈ [1, 2], supported in the given
neighborhood of Dot from K1 to an arbitrarily “thin” Legendrian unknot K2 = Jthin (cf. Figure 3).
With the above preparations, we are now ready to prove Theorem 1.2 in dimension 5. Fix a
universal covering map R→ R/Z ∼= S1. Slightly abusing notations, let q be the coordinate on R and
p be the dual coordinate on T ∗R. First consider a neighborhood of Dot× [−1/10, 1/10] ⊂ Dot×S1
in Nǫ(PS1), inside of which we construct a Legendrian annulus L0 = K0 × [−1/10, 1/10], which is
Legendrian because p = 0. Then by choosing a sufficiently small, L0 contains a loose chart.
Next, we consider the neighborhood of Dot × ([−1/5,−1/10] ∪ [1/10, 1/5]) in Nǫ(PS1). Here we
can construct the disjoint union of two annuli
L˜1 :=
⋃
1
10
≤|t|≤ 1
5
(K10|t|−1 × {t}).
The Legendrian lift L1 of L˜1, defined by p = αot(K˙), can be assumed to be contained in Nǫ(PS1)
by further shrinking a. To summarize, we fix a small enough such that L0 contains a loose chart
and L1 ⊂ Nǫ(PS1).
Observe that the projection of L0 ∪L1 to the base S1 is an embedded interval [−1/5, 1/5] ⊂ S1.
In order to close up L0 ∪ L1 to get a Legendrian sphere, we use the type I Legendrian isotopy
constructed in §4.1 as follows. Let Kt, t ∈ [1, 2], be the type I Legendrian isotopy supported in
Dot × (−ǫ, ǫ) such that K1 is identified with Jthick and K2 is identified with Jthin, up to corner
rounding. Moreover, we can assume Jthin is contained in a Darboux chart such that the front
projection, as shown in Figure 8, contains a unique Reeb chord with action less than ǫ′ ≪ ǫ. Let
us call ǫ′ the action of Jthin.
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Figure 8. The front projection of Jthin, after corner rounding.
By compactness, there exists N > 0 such that αot(K˙t) < N for all t ∈ [1, 2]. Choose C > 0 such
that N/(C − 1) < ǫ/2. Consider the following annuli
L˜′2 :=
⋃
1
5
≤|t|≤C
(K 5t+5C−2
5C−1
× {t}) ⊂ Dot × (−ǫ, ǫ)× R.
The Legendrian lift of L˜′2, denoted by L
′
2, is defined by p = αot(∂tK(5t+5C−2)/(5C−1)). Hence L
′
2 is
contained in ǫ-neighborhood of Dot×R. Abusing notations, we will also denote by L˜′2 and L′2 their
projections to Nǫ(PS1) modulo the Z-action.
However, the Legendrian annuli L′2 is not embedded in Nǫ(PS1) and the self-intersections occur
precisely when t ∈ 12Z \ {0}. To remedy this, recall ∂z is a contact vector field in Dot× (−ǫ, ǫ), and
let φs be the time-s flow of ∂z, which is defined near Dot × {0} for small s. Consider the following
modification of L˜′2
(2) L˜2 :=
⋃
1
5
≤|t|≤C
(φs(t)(K 5t+5C−2
5C−1
)× {t}) ⊂ Dot × (−ǫ, ǫ)× R,
where the function s(t) : [−C,−1/5] ∪ [1/5, C] → R is defined as follows. First for t ∈ [1/5, C],
we choose s(t) such that s(1/5) = 0, s(C) = ǫ/2, s is strictly increasing and s′(1/5) = s′(C) =
0. Similarly for t ∈ [−C,−1/5], choose s(t) such that s(−1/5) = 0, s(−C) = ǫ/3, s is strictly
decreasing, s′(−1/5) = s′(−C) = 0 and most importantly, s(t) < s(−t) for all t ∈ [−C,−1/5).
It is straightforward to check that the Legendrian lift of L˜2, denoted by L2, still lies inside the
ǫ-neighborhood of Dot × R. Moreover, the projection of L2 to Nǫ(PS1) by modulo the Z-action
remains embedded by construction. Again, we abuse notation to call L2 the resulting Legendrian
annuli in Nǫ(PS1).
Finally to complete the construction of the loose Legendrian sphere, choose disjoint Darboux
charts Uright ⊃ φǫ/2(K2)×[C] inDot×(−ǫ, ǫ)×[C] and Uleft ⊃ φǫ/3(K2)×[−C] inDot×(−ǫ, ǫ)×[−C],
respectively, where [±C] ∈ S1 ∼= R/Z. This is possible as long as the difference in the z-coordinate of
points in K2 is less than ǫ/12. In the following we only show how to cap-off the end at φǫ/2(K2)×[C]
since the other end can be capped-off in the same way. Recall that in the above chosen Darboux
chart φǫ/2(K2) may be identified with Jthin with action less than ǫ
′ ≪ ǫ. Given ǫ′ is small enough,
one can cap-off φǫ/2(K2)× [C] by a standard Legendrian disk ZC in Uright × [C,C + 1/5] × (−ǫ, ǫ)
whose front projection is shown in Figure 9. Here [C,C +1/5] is regarded as an embedded interval
in S1 and (−ǫ, ǫ) is a neighborhood of zero in the fiber of T ∗S1. In particular, the Legendrian
disk ZC is constructed such that the projection to Dot of its slice at every q ∈ [C,C + 1/5], if
non-empty, is disjoint from any Kt, t ∈ [0, 2]. Hence ZC is disjoint from L0∪L1∪L2. Similarly one
can construct the other capping disk Z−C .
Assembling all the pieces together, we have constructed a Legendrian sphere
Λ := L0 ∪ L1 ∪ L2 ∪ ZC ∪ Z−C ⊂ Nǫ(PS1),
which is embedded by the above arguments.
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φǫ/2(K2)× [C]
ZC
< ǫ′
Figure 9. The front projection of the Legendrian capping disk ZC
To see that Λ is loose, note that a loose chart exists in the ǫ-neighborhood of L0. Also observe
that by construction the rest of the Legendrian sphere L1 ∪L2 ∪ZC ∪Z−C does not intersect with
the loose chart. To see that L is also Legendrian isotopic to the standard Legendrian unknot, we
first observe that L0 ∪ L1 is induced by a Legendrian isotopy K−10t−1, t ∈ [−1/5,−1/10], followed
by the constant isotopy K0 for t ∈ [−1/10, 1/10], and then followed by the Legendrian isotopy
K10t−1, t ∈ [1/10, 1/5], which is the inverse to the first isotopy. It is therefore clear that L0 ∪ L1 is
Legendrian isotopic to the Legendrian cylinder CylK1 = K1 × [−1/5, 1/5] induced by the constant
isotopy K1 for t ∈ [−1/5, 1/5], relative to the boundary. Hence we see that Λ is Legendrian isotopic
to
Λ1 := CylK1 ∪ L2 ∪ ZC ∪ Z−C ⊂ Nǫ(PS1).
Now for each τ ∈ [1, 2], we can construct a Legendrian sphere Λτ by capping off the Legendrian
cylinder CylKτ = Kτ × [−1/5, 1/5] in the same way that L0 ∪ L1 is capped off. More precisely, we
define an isotopy of Legendrian spheres
Λτ := CylKτ ∪ Lτ2 ∪ ZCτ ∪ Z−Cτ ,
where Lτ2 is the Legendrian lift of
L˜τ2 :=
⋃
1
5
≤|t|≤Cτ
(φsτ (t)(K (10−5τ)t+5τCτ−2
5Cτ−1
)× {t}) ⊂ Dot × (−ǫ, ǫ)× R/Z,
and ZC±τ are the capping-off Legendrian disks analogous
2 to Z±C . Here Cτ , as a function of τ ,
is strictly decrasing such that C1 = C,C2 = 1/5, and sτ (t) is a function defined in the same way
as s(t) is defined right below Equation 2 with C replaced by Cτ and ǫ replaced by ǫτ such that ǫτ
strictly decreases in τ , ǫ1 = ǫ and ǫ2 = 0. Therefore each Λτ , τ ∈ [1, 2], is an embedded Legendrian
sphere, and Λ is Legendrian isotopic to Λ2.
It remains to observe that Λ2 is Legendrian isotopic to the standard unknot. Indeed Λ2 is nothing
but the Legendrian cylinder K2 × [−1/5, 1/5] capped off by Legendrian disks Z±1/5 (cf. Figure 9).
Hence Λ2 is embedded in a Darboux chart in Dot×[−2/5, 2/5]×(−ǫ, ǫ)2 ⊂ Nǫ(PS1). Then it is clear
from the front projection that Λ2 is the standard Legendrian unknot as desired. This completes
the proof of Theorem 1.2 in dimension 5.
6. (slit) blob implies overtwistedness in dimension 5
In this section we will generalize the argument in Section 5 to give a proof of Theorem 3.4, which
immediately implies Theorem 1.3. The proof is divided into two steps.
2Precisely, the difference between ZC±τ and Z±C is merely a translation in the z-direction.
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Step 1. Existence of a 2-dimensional overtwisted slice.
The goal here is, roughly speaking, to find a 2-dimensional overtwisted slice in a slit bLob,
cutting through the binding. More precisely, by a 2-dimensional overtwisted slice we mean a 2-disk
D transversely intersecting the binding in exactly one point, such that the characteristic foliation3
on D coincides with the characteristic foliation on a 2-dimensional overtwisted disk in contact
3-manifold (cf. Figure 2). Such overtwisted slice exists in any plastikstufe simply by taking the
product of the 2-dimensional overtwisted disk with a point in the binding. Note also that we do
not need to assume the ambient contact manifold is 5-dimensional in this step.
Consider a slit bLob SB(Σ) associated with a compact manifold Σ. Write ∂Σ = S ⊔ S′ such
that S is the (not necessarily connected) binding of the open book. In dimension 5, S is a finite
disjoint union of circles, so is S′. We first choose a local model for the contact structure in a tubular
neighborhood N(S) of S. Continuing using the notations from Definition 3.3, choose small δ > 0
and identify N(S) with S ×Dδ, where we think of
Dδ = {r ≤ δ} ⊂ Dot ⊂ (R3, ξot),
as a small disk around the center of the overtwisted disk.
Pick a properly embedded arc γ ⊂ Σ such that γ transversely intersects ∂Σ and the two endpoints
of γ lie on S and S′, respectively. Denote ∂inγ = ∂γ ∩ S and ∂outγ = ∂γ ∩ S′.
Using notations from §3.2, let us write γt = γ × {t} for t ∈ [0, 1]. By assumption γ0 agrees with
γ1 when restricted to {r ≤ δ}. Define the truncated arcs γitrun = γi ∩ {r ≥ δ}, i = 0, 1. Then we
obtain a piecewise smooth isotropic loop
γ0trun ∪ γ1trun ∪ (∂outγ × [0, 1]),
which bounds a “cuspidal” overtwisted disk D∨ot in the sense that ∂D∨ot is Legendrian with a cusp
singularity and the interior of D∨ot is smooth with characteristic foliation coincides with the one on
the 2-dimensional overtwisted disk. Here we implicitly round the corners at ∂outγ × {0, 1} in the
standard way (cf. Remark 4.1). Choose a 3-dimensional contact submanifold which contains D∨ot in
the interior. Then by either using Eliashberg’s h-principle in [Eli89] or examining the 3-dimensional
contact germ near D∨ot, one can find a smooth overtwisted disk D◦ot which is C0-close to D∨ot. In
fact, we may further assume without loss of generality that D◦ot coincides with D∨ot outside a small
neighborhood of the cusp point γ0 ∩ {r = δ}. See Figure 10. We sometimes also write D◦ot(γ) if we
want to emphasize its dependence on γ. This is our substitute for the overtwisted disk slice in a
plastikstufe.
Figure 10. The desingularization of the cuspidal overtwisted disk.
Notational remark. In order to make the following argument look parallel to the argument in
Section 5, we reparametrize the [0, 1]-direction of the open book by the angular variable θ ∈ [0, 2π]
3The characteristic foliation on D is the pointwise intersection between TD and the contact hyperplanes.
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such that page 0 is identified with {θ = 0} and page 1 is identified with {θ = 2π}.
Fix a point u ∈ S and an arc γ as above with ∂inγ = u. Observe that the overtwisted disk D◦ot is
centered at u in the sense that the characteristic foliation on D◦ot has a unique elliptic singularity at
u. Let U ⊂ S be a small neighborhood of u. Then in the given contact neighborhood Nǫ(SB(Σ)) of
SB(Σ), there exists a contact embedding of a small neighborhood of D◦ot×U ⊂ R3ot×T ∗U , equipped
with the product contact form, into Nǫ(SB(Σ)). This is possible because D◦ot is compact and thus
the conformal factors are bounded. Just as in Section 5, we can construct a loose Legendrian
annulus S1 × U ⊂ Nǫ(SB(Σ)) such that for any x ∈ ∂U , the Legendrian loop S1 × x in the fiber
R
3
ot can be identified with Jthick (cf. Figure 6). More precisely, as discussed in Section 4, it is
uniquely determined by an arc γ with ∂inγ = x and an angle between 0 and π. We will denote this
Legendrian loop by γ and the corresponding (small) angle by ∡γ ∈ (0, π).
To summarize, we have so far found in any given neighborhood of a slit bLob SB(Σ) a 3-
dimensional overtwisted slice cutting through the binding, and we use a neighborhood of the slice
to construct a loose Legendrian annulus S1 ×U foliated by Legendrian loops in a neighborhood of
Dot. Moreover, the boundary S
1 × ∂U is the union of two copies of Jthick. So far the procedure is
exactly the same as in the case of a plastikstufe.
Next we want to follow the strategy in Section 5 to cap off the Legendrian annulus S1 × U by
wrapping S1 × ∂U around S while performing the Legendrian isotopy from Jthick to Jthin. This is,
however, problematic because of the possibly non-trivial topology of the page Σ. The goal of the
next step is to get around this problem when the page is 2-dimensional. At the moment it is not
clear to the author whether this method can be generalized to higher dimensions or not.
Step 2. Constructing loose Legendrian unknot assuming dimΣ = 2.
From now on we assume dimΣ = 2, i.e., the page of the bLob is a compact surface. Pick a generic
Morse function f : Σ→ R, satisfying the Morse-Smale condition, with only index 1 critical points
such that ∂Σ = S ∪S′ are regular level sets with f(S) = 0 and f(S′) = 1. We need to take a closer
look at the contact germ determined by SB(Σ). Namely, let p1, · · · , pm be the index 1 critical points
and let Xi ⊂ Σ be a collar neighborhood of the union the ascending and descending manifolds of
pi for i = 1, · · · ,m. It follows from the Morse-Smale condition4 that ∂Xi ∩ ∂Σ = Ai ∪Di for all
i, where Ai (resp. Di) is a neighborhood in S (resp. S
′) of the intersection points between the
ascending (resp. descending) manifold of pi with S (resp. S
′). We will call ∂Xi∩∂Σ the horizontal
boundary of Xi, and the complement the vertical boundary. Without loss of generality, we can
assume that the vertical boundary of Xi is tangent to the gradient trajectories. See Figure 11. We
will look at Σ \⋃mi=1Xi and ⋃mi=1Xi separately.
The complement Σ\⋃mi=1Xi is clearly diffeomorphic to a finite disjoint union of rectangles, each
of which is foliated by the gradient trajectories. Identify γ with the gradient trajectories. Then each
neighborhood γ× I ⊂ Σ of γ, where I is an interval, determines a submanifold γ× I× [0, 2π]/ ∼ in
SB(Σ), which has a neighborhood contactomorphic to a neighborhood of D◦ot(γ)× I ⊂ R3ot × T ∗I,
equipped with the product contact form. This piece can be considered as a part of a plastikstufe
by the inclusion I ⊂ S1, where S1 is the binding of the plastikstufe.
Now we turn to
⋃m
i=1Xi. Observe that the type I Legendrian isotopy in the fiber R
3
ot intersects
neither the binding nor the Legendrian boundary of the open book. So we may slightly shrink Xi
near the horizontal boundaries such that Ai and Di do not touch ∂Σ. Abusing notations, we will
4Namely, there exists no saddle-saddle connections. In our 2-dimensional case, the Morse-Smale condition is easy
to achieve. But see, for example, [Kup63, Sma63] for more general situations.
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Ai Ai
Di
Di
γy γz1
γz3 γz2
Figure 11. The standard embedding of Xi into R
2.
still also it by Xi. For each i, it determines a submanifold Xi × [0, 2π]/ ∼ in SB(Σ). In order to
write down a contact form in coordinates, we embed Xi ⊂ R2q1,q2 such that the stable and unstable
manifolds correspond to the q1 and q2-axis, respectively. See Figure 11. Then the contact structure
near Xi × [0, 2π]/ ∼ can be identified with T ∗Xi × [0, 2π]θ , equipped with the standard contact
form dθ − p1dq1 − p2dq2.
Now we are in the position to construct the loose Legendrian unknot. Although we consider
here only the low-dimensional case, we find it convenient to use a more general language, which
may also serve as a warm-up for the next section in higher dimensions. Fix a complete Riemannian
metric on S, which is a finite disjoint union of circles. Fix an arc γ ⊂ Σ as above with u = ∂inγ ∈ S
and a closed neighborhood U ⊂ S of u. In the following we will denote by γp the unique gradient
trajectory from S to S′ with ∂inγp = p ∈ S.
Choose one boundary point x ∈ ∂U (the other boundary point can be dealt with in the same
way). Let µu,x be the oriented geodesic emanating from u which passes through x. Then for some
period of time at least, it induces a path of arcs γpt, 0 ≤ t ≤ δ, with ∂inγp0 = x and ∂inγpt ∈ µu,x.
Here, as before, each γpt coincides with an unbroken gradient trajectory. According to the above
description of the contact structure, it also induces a path of overtwisted disks D◦ot(γpt). So just
as in the case of the plastikstufe, we can construct a Legendrian annulus by taking the Legendrian
lift of the totality of the type I Legendrian isotopy from γx = γp0 to γpδ . Note also that the angle
∡γpt increases as t increases. By gluing this Legendrian annulus to the loose S
1 × U constructed
in the end of Step 1, we obtain a “longer” Legendrian annulus which still contains a loose chart.
However, the (type I) Legendrian isotopy stops when the oriented geodesic µu,x hits ∂Di ⊂ S for
the first time for some i. Here we write ∂Di ⊂ S with the original Di defined in the first paragraph
in Step 2 in mind, instead of the one that shrinks into the interior of the page. We hope it will
be clear from the context which version of Di’s we use in the construction. Let y ∈ ∂Di be the
touching point and γy be the corresponding gradient trajectory. By construction, γy is contained in
the vertical boundary of Xi. As discussed above, we shrink the horizontal boundary of Xi, as well
as γy, slightly into the interior of the page and still call them Xi and γy, respectively, by abusing
notations. Let X±i be the copies of Xi on the pages corresponding to θ = ±∡γy, respectively. Then
we construct a surface
(3) T˜ = X+i ∪X−i ∪ (Di × {−∡γy ≤ θ ≤ ∡γy}) ∪ (Ai × {∡γy ≤ θ ≤ 2π − ∡γy}),
which has a canonical Legendrian lift T in the standard contact neighborhood of Xi × [0, 2π]/ ∼
described above. Topologically T is nothing but a S2 with four pairwise disjoint disks removed.
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Observe that T can be glued to the previously constructed loose Legendrian annulus along γy to
obtain a new Legendrian surface, say, F . Then F has three new Legendrian boundary components
γzi , i = 1, 2, 3, which correspond to the three components γzi of the vertical boundary of Xi other
than γy. See Figure 11. Once again the notation means ∂inγzi = zi ∈ S as usual. Now the geodesic
flow on S can be continued from zi, i = 1, 2, 3, separately. The above procedure can be repeated
when the geodesic flow from some zi hits another (possibly the same) Xj and so on. In this way we
have constructed a Legendrian surface, still denoted by F , which is topologically a S2 with finitely
many pairwise disjoint disks removed. As in Section 5, the holes can be capped off in the standard
way (cf. Figure 9) to obtain a Legendrian sphere F ∼= S2 in the given neighborhood of SB(Σ) when
all the boundary components γ ⊂ ∂F has sufficiently small angle ∡γ with respect to the given size
of the neighborhood of SB(Σ). In other words, the capping-off operation can be done when all
boundary components of F can be identified with Jthin.
As in Section 5, the above constructed F may not be embedded in general. But this again causes
no real problem as we are free to lift the type I Legendrian isotopy in the direction transverse to
Dot in the overtwisted fiber R
3
ot.
By construction F is loose. We claim that F is also Legendrian isotopic to standard Legendrian
unknot. The idea is essentially the same as in Section 5. Namely, we first undo the Legendrian
isotopy from K0 to K1. Then we repeat the above construction with K1 ∼= Jthick, sitting in the
fiber above u ∈ S, by the Legendrian loops in the type I isotopy from K1 to Jthin. The only
new ingredient here is to shrink the Legendrian sphere F back over Xi for some i. This is most
easily seen, when ∡γy is sufficiently small, in the front projection in a standard neighborhood of
Xi× [0, 2π]/ ∼ considered above. See Figure 12. This finishes the proof of Theorem 3.4, and hence
Theorem 1.3.
γy γz1
γz2γz3
Xi
Figure 12. Half of the standard Legendrian unknot bounded by the union (in
blue) of two copies of γy and connecting arcs along the binding and the Legendrian
boundary, respectively.
7. plastikstufe implies overtwistedness in higher dimensions
The ideas involved in proving Theorem 1.2 in higher dimensions are very similar to the 5-
dimensional case explained in Section 5. There are, however, a few technical differences. First,
we have to use the (extended) type II Legendrian isotopy introduced in §4.2 instead of the type I
Legendrian isotopy in order to guarantee the (loose) Legendrian sphere constructed via “wrapping
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around” the binding is embedded. Second, extra care must be taken to make sure the “wrapping”
procedure does not interfere with the loose chart. Here are the details.
In this case S is a closed smooth manifold. Fix a complete Riemannian metric on S and a point
u ∈ S. We define the usual exponential map expu : TuS → S with respect to the metric. Let us
denote by B(r) the ball centered at 0 of radius r in TuS and write S(r) = ∂B(r). Here the spheres
S(r) should not be confused with the binding S. By rescaling the metric if necessary, we may assume
that the injective radius of S is greater than 3. Then the restricted map expu |B(3) : B(3)→ S is a
smooth embedding.
As in Section 5, we construct a loose Legendrian sphere, which turns out to be Legendrian
isotopic to the standard unknot, in four stages.
Recall we have the trivial fiber bundle π : Nǫ(PS)→ S with fiber isomorphic to a neighborhood
of Dot ⊂ R3ot times the cotangent fiber of S of length less than ǫ. In the following we will continue
to use the notations from Section 5.
Firstly, upon expu(B(1)) ⊂ S, we construct a Legendrian
L0 := K0 × expu(B(1)).
Here expu(B(1)) is contained in the 0-section of T
∗S. We choose the action a of the stabilization
in K0 small enough such that L0 contains a loose chart.
Secondly, upon expu(B(2) \B(1)) ⊂ S, we consider the submanifold
L˜1 :=
⋃
0≤t≤1
(Kt × expu(S(t+ 1))),
which can be lifted to a Legendrian L1 by setting p = αot(K˙t), where p is the coordinate on the
fiber of T ∗S. As in Section 5, we can choose a sufficiently small such that L1 ⊂ Nǫ(PS).
Thirdly, let φs be the time-s flow of the contact vector field ∂z in Dot × (−ǫ, ǫ). Then define
L˜2 :=
⋃
1≤t≤2
(φ ǫ
2
(t−1)(K1)× expu(S(t+ 1))).
This is well-defined since the maximal difference in the z-coordinates of points in K1 is much less
than ǫ. Let L2 be the Legendrian lift of L˜2 as before. Here L2 is contained in Nǫ(PS) because
|αot(∂tφ ǫ
2
(t−1)K1)| < ǫ for all t ∈ [1, 2].
Finally, we use the (extended) type II Legendrian isotopy from K1 ∼= Jthick to K2 ∼= Jthin and
from K2 ∼= Jthin to K3 = {pt} as constructed in §4.2. Pick a large constant C ≫ 0. Define
L˜3 :=
⋃
2≤t≤C
(φ ǫ
2
(K 2t+C−6
C−2
)× expu(S(t+ 1))),
and let L3 be the Legendrian lift of L˜3 in Nǫ(PS) which is well-defined as long as C is sufficiently
large. We claim that although L˜3 is typically not embedded, L3 is a smooth embedded Legendrian
submanifold in Nǫ(PS). Indeed, in the following, we rule out all the possibilities that L3 may
intersect itself, i.e., we show the self-intersections of L˜3 are removed by passing to the Legendrian
lift.
(1) Let v1, v2 ∈ TuS be two vectors of length greater than 3 such that expu(v1) = expu(v2) =: p
and the Legendrian loops Kv1 ,Kv2 ⊂ Dot × (−ǫ, ǫ) sitting above p intersect non-trivially.
For example, if v1, v2 have the same length, then Kv1 = Kv2 . In precise terms, we have
Kv := φ ǫ
2
(K 2|v|+C−8
C−2
). Now, since the corresponding geodesics passing through expu(v1)
and expu(v2) are transverse to each other, the cotangent lift removes the self-intersection
since αot(K˙) 6= 0 everywhere on K.
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(2) Suppose there is a closed geodesic γ(t) = expu(tv) emanating from u in the direction of a
unit vector v. Then by construction there exists (infinitely many) pairs (t0, t1) such that the
Legendrians Kt0 ,Kt1 intersect non-trivially in a point, say, x. Here Kti := Ktiv. Then the
fact α(K˙t0(x)) 6= α(K˙t1(x)) implies the cotangent lift removes the self-intersection. Hence
after all, the Legendrian lift L3 is embedded.
Now we assemble the pieces together to define the Legendrian sphere Λ = L0 ∪ L1 ∪ L2 ∪ L3 in
Nǫ(PS).
We claim that Λ is loose. To see this, first recall that L0 contains a loose chart. Then observe
that L3 does not interfere the loose chart because of the presence of φǫ/2 in the definition of L3
and the fact that the loose chart is contained in a Dot × (−2a, 2a) ⊂ Dot × (−ǫ, ǫ), where a is the
action of the stabilization and is much smaller than ǫ. It remains to argue that Λ is embedded.
By the previous argument, it suffices to check that L3 ∩ L2 = ∅. In fact, L˜3 intersects L˜2 non-
trivially whenever, using the language from §4.2, there is a slice φǫ/2(Kt0)×{x} ⊂ L˜3 with νt0 = 2π
and x ∈ expu(B(3) \ B(2)). The cotangent lifts, again, separate them since the derivative of
the projection of φǫ/2(Kt0) × {x} to Dot, as x moves in the geodesic direction, carries a nonzero
∂θ-component, and αot(∂θ) 6= 0 on 0 < r < π. This proves the claim.
The strategy of showing Λ is Legendrian isotopic to the standard Legendrian unknot is identical
to the one used in Section 5, and hence is omitted. This finishes the proof of Theorem 1.2.
Lastly we give the proof of Corollary 1.4 using the previous results.
Proof of Corollary 1.4. In fact, we shall prove a stronger result by working with slit bLobs. Let
SB(W × F ) be a slit bLob with page W × F . In the following we will not distinguish between a
slit bLob and the contact germ near the slit bLob.
Observe that SB(W × F ) may be identified with SB(F ) × T ∗W . It follows from Theorem 1.3
that SB(F ) is overtwisted. Hence by the h-principle from [BEM15], SB(F ) contains a plastikstufe
PS1 . Therefore we see that SB(W×F ) also contains a plastikstufe PW×S1 , and hence is overtwisted
by Theorem 1.2. 
8. Examples
8.1. Fibered connected sum. The existence of plastikstufes in fibered connected sums along
codimension 2 overtwisted submanifolds is well-known to the experts, see for example [Pre07,
CM16, Nie16]. Thanks to Theorem 1.2 we can now conclude that the resulting sum is overtwisted.
Let us now detail how the construction of the plastikstufe works.
We begin by recalling the (contact) fibered connected sum operation following [Gei08, Section
7.4]. Let (W, ξ) and (W ′, ξ′) be two (co-oriented) contact manifolds of dimension dimW ′ = dimW−
2. Suppose there are disjoint contact embeddings j0, j1 : (W
′, ξ′) → (W, ξ) with trivial normal
bundles, respectively.
Pick a trivialization jk(W
′) ×D22ǫ ⊂ W of the normal bundle of jk(W ′) for k = 0, 1, where D22ǫ
is the open disk of radius 2ǫ. By the standard contact neighborhood theorem, one can choose a
contact form ξ′ = ker β on W ′ such that the following contact form
αk = β + r
2dθ
defines the restriction of ξ to jk(W
′)×D22ǫ for k = 0, 1, where (r, θ) is the standard polar coordinates
on D22ǫ.
Choose a function f(r) : (ǫ/2, 2ǫ)→ R satisfying the following properties:
• f ′(r) > 0,
• f(r) = r2 on the interval (ǫ, 2ǫ),
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• f(r) = r2 − ǫ2/2 on the interval (ǫ/2,√3ǫ/2).
Let Aǫ0,ǫ1 = {ǫ0 ≤ r ≤ ǫ1} ⊂ D22ǫ denote the embedded annulus for any 0 < ǫ0 < ǫ1 < 2ǫ. Then we
can define a new contact structure on jk(W
′)×Aǫ/2,2ǫ by
α˜k = β + f(r)dθ
which agrees with αk on jk(W
′)×Aǫ,2ǫ.
Consider the diffeomorphism φ : j0(W
′)×Aǫ/2,√3ǫ/2 → j1(W ′)×Aǫ/2,√3ǫ/2 defined by
φ(x, r, θ) = (j1 ◦ j−10 (x),
√
ǫ2 − r2,−θ).
It is straightforward to check that φ∗(α˜1) = α˜0. So we can construct the following manifold, known
as the fibered connected sum,
#φW =
(
W \ (j0(W ′)×D2ǫ/2) ∪ (j1(W ′)×D2ǫ/2)
)
/ ∼,
where (x, r, θ) ∼ φ(x, r, θ) for all (x, r, θ) ∈ j0(W ′) × Aǫ/2,√3ǫ/2. By the discussions above, the
contact structure on W naturally induces a contact structure on #φW .
We are now ready to state our first application of Theorem 1.2.
Theorem 8.1. Using the notations from above, if (W ′, ξ′) is overtwisted, then #φW is also over-
twisted. In other words, contact fibered connected sum along overtwisted contact submanifolds is
overtwisted.
Proof. Let S1(ǫ/
√
2) ⊂ D22ǫ be the circle defined by {r = ǫ/
√
2}. Then there is a contact embedding
of a neighborhood of W ′ × S1(ǫ/√2) ⊂W ′ × T ∗S1(ǫ/√2), viewed as the 0-section, in #φW . Since
W ′ is overtwisted by assumption, it follows from the h-principle in [BEM15] that there exists an
embedded plastikstufe inside W ′ × S1(ǫ/√2). Hence #φW is overtwisted by Theorem 1.2. 
Remark 8.2. There are several known constructions of codimension 2 overtwisted contact embed-
dings with trivial normal bundle into a tight contact manifold. For example, any (overtwisted)
contact 3-manifold (M, ξ) admits a contact embedding into its unit cotangent bundle as a graph
whose normal bundle is trivial if c1(ξ) = 0. In fact the condition c1(ξ) = 0 may be removed by
the ambient surgery techniques as explained in [CPS16]. Another source of examples come from
Bourgeois’ construction [Bou02] of contact structures on M × T 2, where M is equipped with a
contact form supported by an open book decomposition (Σ, φ). For the sake of simplicity, assume
dimM = 3. Then a simple calculation shows that if the binding B = ∂Σ ⊂M is not contractible,
i.e., each component of B represents a nontrivial element in π1(M), then the Reeb vector field on
M × T 2 has no contractible orbit. This implies that M × T 2 is tight in the light of [AH09].
8.2. Open book with monodromy a negative power of the Dehn twist. In the light of the
Giroux correspondence [Gir02], any contact structure is supported by an open book decomposition,
say, (S, h) where the page S is a Weinstein domain and the monodromy h is an exact symplecto-
morphism. It would be very interesting to see if the overtwistedness (or equivalently, tightness) of
the contact structure can be read off from the pair (S, h). A complete solution to this problem in
dimension 3 is given by the following remarkable theorem due to Honda, Kazez and Matic´.
Theorem 8.3 ([HKM07]). A contact 3-manifold (M, ξ) is tight if and only if all of its supporting
open book (S, h) has right-veering monodromy h ∈ Aut(S, ∂S).
In this case S is a compact surface with boundary. While the precise definition of right-veering
automorphisms of S will not be needed here, we note that in the case S = D∗S1, the disk cotangent
bundle of S1, any negative power of the Dehn twist τ−k, k ≥ 1, is not right-veering. In particular
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it follows from Theorem 8.3 that the contact structure supported by (D∗S1, τ−k) is overtwisted for
all k ≥ 1. The goal of this section is to generalize this fact to higher dimension.
Theorem 8.4. The contact structure supported by the open book (D∗Sn, τ−k) is overtwisted for all
k ≥ 1, where τ : D∗Sn → D∗Sn is the (higher-dimensional) Dehn twist.
Remark 8.5. The special case of Theorem 8.4 when k = 1 is proved in [CMP]. It is also possi-
ble to give an alternative proof of Theorem 8.4 using the technique of higher-dimensional bypass
attachment developed by Honda and the author.
Abusing notations, let us also denote by τ : D∗Sn → D∗Sn the (positive) Dehn twist in any
dimension. See, for example, [Sei08] and the references therein for more details. From now on,
all spheres Sn are assumed to be the standard unit sphere in the Euclidean space. Equipping
D
∗Sn with the standard symplectic structure, it turns out that τ is an exact symplectomorphism.
Moreover, for any great circle S1 ⊂ Sn, the restriction τ |D∗S1 is precisely the classical 2-dimensional
Dehn twist. In particular, we have a contact embedding
(D∗S1, (τ |D∗S1)−k) ⊂ (D∗Sn, τ−k)
of the 3-dimensional overtwisted (D∗S1, (τ |D∗S1)−k).
In the case n = 2m + 1 is odd, the proof of Theorem 8.4 is simple. Namely, consider the Hopf
fibration
S1 → S2m+1 → CPm
where all fibers are great circles in S2m+1. By previous discussions, there exists an (3-dimensional)
overtwisted diskDot ⊂ (D∗S1, (τ |D∗S1)−k) for each great circle S1. HenceDot×CPm is an embedded
plastikstufe in (D∗Sn, τ−k) with core CPm. Therefore Theorem 8.4 follows from Theorem 1.2.
The idea of the proof of Theorem 8.4 for general n is similar but one needs to be more careful
about constructing the 3-dimensional overtwisted disk Dot as the Hopf fibration no longer exists
necessarily.
We start by gathering the minimal amount of knowledge from the theory of bypasses in 3-
dimensional contact topology for our later purposes. Readers are referred to [Hon00, Hon02,
HKM05] for more details.
8.2.1. Bypasses in contact 3-manifolds. Given contact 3-manifold (M, ξ), an embedded surface Σ
is called convex, in the sense of Giroux [Gir91], if there exists a vector field v on M , whose flow
preserves ξ, such that v is everywhere transverse to Σ. For a convex surface Σ, we define the
dividing set ΓΣ = {x ∈ Σ | vx ⊂ ξx}. It turns out that ΓΣ is a properly embedded 1-submanifold of
Σ and the isotopy class of ΓΣ is independent of the choice of v. When there is no risk of confusion,
we often write Γ instead of ΓΣ for the dividing set.
A bypass B is a convex half disk modeled on {z ∈ C | |z| ≤ 1, Im(z) ≥ 0} with Legendrian
boundary such that the dividing set Γ = {z ∈ B | |z| = 1/2} is a half circle intersecting ∂B
in two points. It will be convenient to call ∂B ∩ {Im(z) = 0} the straight boundary of B and
∂B∩{Im(z) > 0} the curved boundary of B. A bypass can be attached to a convex surface Σ along
the straight boundary if we choose a Legendrian arc γ intersecting ΓΣ in three points: two being
∂γ and the third in the interior of γ. Such Legendrian arcs γ are called admissible. See Figure 13.
Now given a bypass attached to a convex surface Σ, one can construct a contact structure on
Σ× [0, 1] such that both Σ×{0} and Σ×{1} are convex and ΓΣ = ΓΣ×{0}. Roughly speaking, one
can identify Σ × [0, 1] with an appropriate neighborhood of Σ ∪ B. It is also possible to describe
ΓΣ×{1} explicitly but since it is irrelevant for our purposes, we will leave it out.
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Figure 13. A bypass attached to a convex surface.
Given an embedded convex surface Σ ⊂ (M, ξ) and an admissible Legendrian arc γ ⊂ Σ, a
bypass, if exists, can be attached to Σ along γ from either side of Σ. If B is the bypass attached to
Σ along γ from one side of Σ, then we denote by B the bypass attached from the other side along
γ, and call it the anti-bypass of B.
The following facts will be crucial for us.
(1) Existence of trivial bypass [Hon02, Section 2.4]: Given a convex disk D and an admissible
Legendrian arc γ as depicted in Figure 14(a), the bypass along γ exists in an invariant
neighborhood of D.
(2) Overtwisted disk: It follows almost from definition that a bypass and its anti-bypass can
be glued along their straight boundaries to obtain an overtwisted disk. See Figure 14(b).
As a corollary, if a convex surface Σ divides (M, ξ) into two connected components and a
bypass along an admissible γ ⊂ Σ exists in both components, then (M, ξ) is overtwisted.
This is, in fact, the motivating observation made in [Hon02].
(3) Bypass rotation [HKM05, Lemma 4.2]: Suppose we have a convex disk D with dividing set
equal to four arcs as depicted in Figure 14(c). If a bypass B exists along the admissible γ,
then there exists also a bypass B′ along γ′ obtained by “left-rotating” γ. See Figure 14(c).
Moreover, the bypass B′ exists in a neighborhood of D ∪B.
(a) (b) (c)
γ
B
B
γγ′
Figure 14. (a) The trivial bypass; (b) An overtwisted disk as the union of two
bypasses; (c) Bypass rotation.
8.2.2. Proof of Theorem 8.4. With the above preparations, we are now ready to prove Theorem 8.4
in full generality. Recall we assume Sn to be the unit sphere in Rn+1 with the north pole n and
the south pole s. Let Sn−1 ⊂ Sn be the equator. Then for each p ∈ Sn−1
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circle S1p passing through n and p. In this way we cover S
n by a Sn−1-family of great circles such
that S1p ∩ S1q = {n, s} for any p 6= ±q ∈ Sn−1. The same idea of using the family of great circles
parametrized by the equator to constructed plastikstufe is employed in [CMP, Theorem 5.3] to
show that contact (+1)-surgery along loose Legendrian knots is overtwisted.
Fix a p ∈ Sn−1. Consider the 3-dimensional overtwisted contact submanifold (D∗S1p , τ−k) ⊂
(D∗Sn, τ−k). Here τ denotes the Dehn twist in appropriate dimensions. To avoid tedious notations,
we will keep in mind the point p but drop p from our notations from now on. The next goal is
to exhibit an explicit overtwisted disk in (D∗S1, τ−k) using the technique of bypasses discussed
previously. This strategy is borrowed from [HKM07].
First let us write (D∗S1, τ−k) = (D∗S1 × [0, 1/2]) ∪φ (D∗S1 × [1/2, 1]) as the union of two solid
tori, where the gluing map φ : ∂(D∗S1 × [0, 1/2]) → ∂(D∗S1 × [1/2, 1]) is defined by
φ = τk : D∗S1 × {0} → D∗S1 × {1}, and
φ = id : D∗S1 × {1/2} → D∗S1 × {1/2}.
Here, as in the definition of open books, we also identify ∂(D∗S1) × {t} ∼ ∂(D∗S1) × {t′} for any
t, t′ ∈ [0, 1/2] or t, t′ ∈ [1/2, 1], and simply call it ∂(D∗S1). Then it is clear that both solid tori have
convex boundary with dividing set Γ = ∂(D∗S1).
Consider the solid torus D∗S1× [0, 1/2]. Let γ ⊂ ∂(D∗S1× [0, 1/2]) be an admissible Legendrian
arc contained in a neighborhood of D∗pS1 × [0, 1/2] as depicted in Figure 15(a). Then a bypass B
along γ exists in a neighborhood of D∗pS1 × [0, 1/2] ⊂ D∗S1 × [0, 1/2]. This follows essentially from
the existence of the trivial bypass discussed above (cf. [HKM07, Fig.7]). It is convenient to write
γ = γ+ ∪ γ− where γ+ = γ ∩ (D∗S1 × {1/2}) and γ− = γ ∩ (D∗S1 × {0}).
n p s
D
∗
p
S1 × [0, 1/2]
γ
n s
p
γ′
(a) (b)
Figure 15. (a) Existence of bypass along γ in D∗S1 × [0, 1/2]; (b) Existence of
bypass along γ′ in D∗S1 × [1/2, 1].
Next we turn to the other solid torus D∗S1× [1/2, 1]. The corresponding admissible arc γ′ = φ(γ)
is as depicted in Figure 15(b) (in the case k = 2). Specifically, if we write γ′ = γ′+ ∪ γ′− where
γ′+ = γ′∩ (D∗S1×{1}) and γ′− = γ′∩ (D∗S1×{1/2}), then γ′+ = τk(γ−) and γ′− = γ+. By applying
the bypass rotation k times, one can show that a bypass B along γ′ exists in D∗S1 × [1/2, 1].
As the notations suggest, the bypasses B and B are anti-bypasses to each other. Hence Dot(p) =
B∪B is an overtwisted disk in (D∗S1p , τ−k). Moreover, it follows from the constructions that Dot(p)
is disjoint from the transverse knot/link5 (n× [0, 1])∪ (s× [0, 1]) and from Dot(−p) in (D∗S1p , τ−k).
Here we recall S1p = S
1−p by construction.
5The connectivity depends on the parity of k.
24 YANG HUANG
Finally, we take
PS =
⋃
p∈Sn−1
Dot(p),
which is an embedded plastikstufe with core S = Sn−1. Hence Theorem 8.4 follows from Theorem 1.2.
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